
 

Proposition l Polyakov Wiegmann formula
Let f g I G be smooth maps
Then

expf Selfg

expf Self Sdg 7 Tff'Ifragg'D
holds

Proof
Note that Tr win f 1

M Tr Mw for
differential forms w and y of degrees
p and g respectively Then we compute

I Tr Ag offg Mfg I Cfg

Tr f af if If g og ng 5g

Tff'sfasigg t 2gg if If

exercise



Applying df f dff and Stokes

theorem gives the
result exercise

a

set

Tdf g
F f Ifr 2g g

For the complexification Ge SLG E consider

f D Go where D tell Hel
Denote the complement in ICP's EU as by
Dos i e Das 2 c El 12131 u as

Consider fi KP Ge smooth St

ft fo and ftp.fos
for some Fos Then expf Sep ft c E depends

on extension off
Consider second extension f Cip Go

Then f fh
where hi EP Go with h

g
e unit of G

and denote has h
D



Using the Polyakov Wiegmann formula
we then obtain

expf Sep fh expf Sap f Sep http.ffh

and
Tap tf h Taffe has

expf Sep fhl expf Sep Cf Sepik

TDaffos has

Denote by Map Dos Ga the set of smooth

maps 4 D Go with 96 e

using z reFO we set cefrero p emo

The map p S Ge Oe r e l defines

loop of Ga for fixed r for no

p o e for e s

Pr Oer a I corresponds to
a path

in LG starting at e c LG
constant

map from S to Ga



Introduce equivalence relation n on

Mapo Dos Ga x 6

by setting for Cfa a gas o c MapCDs Ga

fo u gas o

iff
a fate gosh holds for

ZEZD.es

b for gas fash
one has

a a expf Sep h Toffs has

MapoDos Ga x gives line bundle

L on LGa

Define projection map it L LGA by

Tcfa ul fool
where c JD Dos is inclusion map

In the above fo and gas correspond
to

different paths r and he sat

Yi 10,13 LG e i 1,2

t.co kCo e



a y KC b holonomy along
K K

s analogous to line bundle

of Prop 3 in 2

one can show L is isomorphic to K fold
tensor product of fundamental line bundle

Suppose f EP Gc is extension of
fo D Ge

Define
expfSigCf Ifa expf SepCfl

Lemma
Fa fo D Ge Ifa expf SapilfD does

not depend on choice ofextension of fo
element in fibre of L over f oc

Proofi
Take another extension f Ge of
fo D Ge with f fh Then

fas expf Sap ft fash expf SapilfhD

follows from Polyakov Wiegmann formulae



Dual line bundle L i

Denote by Map CD Gd set of smooth maps

4 D Go with yoke

and define equiv relation Cfo u gov by
a fo gold for 2 e 3D
b goal foh a u expfsapichiTDCfo.hr

Define F as MapoCD x EL

expf Spafford is well defined as

element of fibre of 1 over foot
Denote by y S G the loop defined

by foe Then we have pairing
Lrx LI E

given by
Ufos a Cfo o uoexpfs.ap.fi

where Lr is the fibre of Lavery
pairing well defined as right hand side
is independent of representations of
equivalence classes



Definition
The following operation

expf SDCg expf Siggi
expf ToCg gs expfSDCg 9rD

for Gi D Ge i 1,2 defines a product

Ly x Ln Lr K
where yi go c This product equippes

LIE Lls CLG with a group structure
2Iro section

Next let 2 be compact Riemann surface
with boundary 22 is homeomorphic to

a disjoint union of circles and we have

diffeomorphisms
Pi S 2E Isi em

for each connected component of DE

Ee



Glue the boundary of unit discs Di
le i em with pics t e i e m to obtain a

closed Riemann surface
For a smooth map g Go define
the extension to as of Go and
the restriction on Di by gi

expf Sig gil defines an element of
the fibre of Ligon
Define expf Seen as element of
EO Lj p specified by

expf Sdg expfSo g expfseGT

By the Polyakov Wiegmann formula
this

definition does not depend
on choice of

extension g


